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Two-Dimensional Unsteady Navier-Stokes Solution Method
with Moving Overset Grids

Ismail H. Tuncer*
U.S. Naval Postgraduate School, Monterey, California 93943-5106

A simple numerical algorithm to localize intergrid boundary points and to interpolate unsteady solution variables
across two-dimensional, structured overset grids is presented. Overset grids are allowed to move in time relative to
each other. Intergrid boundary points are localized in a triangular stencil on the donor grid by a directional search
algorithm. The final parameters of the search algorithm give the interpolation weights at the intergrid boundary
point. Numerical results are presented for steady and unsteady viscous flow solutions over an airfoil undergoing a
sinusoidal flapping motion. Computed flowfields demonstrate the accuracy of the method, and excellent agreement
is obtained against the single grid solutions. The method is independent of numerical solution algorithms, and it
may easily be implemented on any two-dimensional, single-block flow solver to make it a multiblock, zonal solver
with arbitrarily overset/overlapping computational grids.

Nomenclature
c = chord length
Gi; = grid point at (i, j)
h = plunge amplitude
k = reduced frequency, ax/ 2U
M 0 = freestream Mach number
Re = Reynolds number based on chord
t = nondimensionaltime, ¢/ (c/ U od
t = time
U = freestream velocity
Xg? Yr  =x,y coordinates of point P
a = angle of attack
o B,y = coefficients; also interpolation weights
® = angular frequency
Introduction

MONG structured, block-structured,and unstructuredcompu-

tational grids, structured grids still remain the most common
in the computational fluid dynamics (CFD) community.! The basic
advantage of the structured grids is that they are still the most suit-
able for the highly efficient solution algorithms developed and re-
fined since the early establishment of the science of CFD. Because
of the inherent connectivity information, numerical solution algo-
rithms with structured grids are easy to implement on conventional,
shared memory/multiprocessor computers.

In discretizing complex geometries and irregular boundaries, the
block-structuredgrid techniques 2+* where a groupof structured grid
blocks are patched together with enforced continuity across the in-
terfaces, are currently being utilized. Although the block-structured
grids have all of the inherent advantages of structured grids, they are
not well suited for unsteady flow problems with moving boundaries,
in which all the grid blocks need to be regeneratedat every time step
to satisfy the continuity across interfaces.

The recentapplicationsof unstructured grids'-# offera promising
alternative for treating irregular boundaries. However, for compu-
tation of unsteady flows with moving boundaries, the whole com-
putational grid has to be regenerated at every time step similar to
the block-structuredgrids. This process may become quite complex
and costly.’ Furthermore, the application of algebraic turbulence
modelsin viscousflow problems, which utilizesthe directionnormal
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to solid surfaces, causes additional difficulties in unstructured grid
topologies

An alternative for treating complex geometries with moving
boundaries is the use of overset grids, in which individual struc-
tured grids are overset on each other and free to move with respect
to each other. In the present work, a new method is presented for the
solution of the unsteady Navier—Stokes equations on overset, mov-
ing grids. The present method is similar to the Chimera/Pegsus’
approach in essence; however, the two approaches differ in the way
the intergrid boundary points are localized and the flow variables
are interpolated.

In Pegsus, the localization of intergrid boundary points and the
interpolation of flow variables across subgrids are done in several
stages. First, all of the grid points on the base grid are tested to de-
termine if they lie within a certain distance from a temporary origin
placed in the overlapping subgrid. All of the grid points within the
specified distance are next tested to see if they lie inside or outside
of the overlappinggrid boundary. The sign of the vector N R, where
R is the relative position vector of the grid points and N is the unit
outward normalat the cross-sectionof R and the overset grid bound-
ary, determines the right direction. The closest points outside of the
overlapping boundary are then assigned as the boundary points on
the base grid. Finally, interpolationcells on the base grid, into which
a boundary point of the overlapping grid falls, are localized, and the
corresponding bilinear (trilinear in three dimensions) interpolation
data are stored in an external file to be utilized by the flow solver.
For unsteady flows, the Pegsus code has to be integrated into the
flow solver and to be executed at every time step.

In the present approach, the boundary point localization and in-
terpolation of flow variables are integrated into a directional search
algorithm in the main flow solver. No external data are stored. The
directional search algorithm localizes the boundary points sequen-
tially, and the flow variables are interpolated as an integral part of
the localizationprocess. Thus, the applicationof intergrid boundary
conditions is robust and efficient. The present method has already
been applied to overlapping grid boundaries in an extensive study
on the airfoil interference effects in Ref. 8. In this work, the method
is extended to fully overset grids moving relative to each other.

Boundary Point Localization

In the present approach, the intergrid boundary points on overset
subgrids are localized on the background grids with a directional
search algorithm. The directional search algorithm is depicted in
Fig. 1. Here, a single point P, denoted by the + sign, is localized
on a Cartesian grid in terms of the three closest grid points, which
constitute a triangular stencil. The search process starts from an ar-
bitrary grid point G, ; as denoted in the figure. It is then tested to
see whether the point P falls into the triangular stencil defined by
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grid points at G; ;, G; . 1,;, and G;; 1, where the correct sign . is
determined by the search direction. The search direction is based
on the geometry gradients on the donor grid. The test of whether
the point P falls into the triangle is based on the representation of
a convex surface defined by three points. Because any point in a
convex triangular surface may uniquely be represented by three real
numbers provided that they are all positive, the solution of the fol-
lowing three linear equations in terms of ¢ 8, and ¥ determines
whether point P falls inside the triangle:

Xp=oaX,; + ﬁXiil_j + 7 X
Yrp=0qk; + ﬁYiil_j + 7Y
l=o+ B+y

where Xp and Y are the coordinates of the point to be localized,
P. If the coefficients ¢ B, and ¥ are less than or equal to one and
are all positive, then the point P lies inside the triangular stencil.
If not, the search location G, ; is advanced diagonally, as shown by
arrows and circles in Fig. 1.

Several algorithms were developed to determine the search di-
rection. The most robust one was found to be the quadrant walking
algorithm, in which the search direction is based on the local quad-
rantthe boundarypoint falls into. As showninFig. 1, the search point
G, ; advances diagonally in one of the four quadrants into which
point P falls. The quadrantpoint P fallsintois determined by the dot
products of the vector (P _ G ;) with the vectors (G; . 1,; — G;,;)
and(G,»_j_'_l_G,»_j)A -

Finally, the triangular stencil into which point P falls is localized
as depicted by the circles at its vertices. Once the point is local-

Point to be localized, P
Search starts, G,
Search path, Gi,j
Localizing stencll

)

® 0O ® +

a) One point

b) Sequential

Fig.1 Localization of points.

ized, the coefficients ¢ B3, and y give the geometric interpolation
weights at point P in terms of the function values at the three inter-
polationpoints. Thus, the interpolation weights are readily available
to interpolate flow variables at point P from the donor grid:

Qpr=00,; + ﬁQiil.j + yQi_jil

The sequential localization of several points with a different ini-
tial search point is depicted in Fig. 1b. As shown, the search path
similarly follows the quadrant walking algorithm, and the search
process for localizing the next consecutivepoint starts from the G; ;
grid point, which localizes the previous point.

Note that no interpolationdata need to be stored for the applica-
tion of intergrid boundary conditions. Because intergrid boundary
points are localized sequentially with the quadrant walking search
algorithm and the search algorithm is unified with the interpolation
scheme, the application of the intergrid boundary conditions with
the present method becomes quite robust and efficient.

Numerical Method

Inthe overset grid approach,the computationaldomain consistsof
structuredsubgrids, which may overlay on eachother. The structured
subgrids created around each component in the flowfield or over
subdomains of complex geometries are put together to discretize
the whole computational domain. Figure 2 shows the overset grids
used.

The Navier—Stokes equations are solved in each subgrid with
the proper boundary conditions. In addition to the boundariesof the
computationaldomain, subgrids have intergrid boundaries with the
neighboring donor subgrids and may also contain holes, as shown
in Fig. 2. The proper boundary conditions, therefore, are needed at
the intergrid boundaries of a subgrid, and the hole points should be
excluded from the integration of the Navier—Stokes equations.

Navier-Stokes Solver

An implicit, thin-layer, unsteady Navier-Stokes solver® % with
the third-orderaccurate Osher’s upwind biased flux difference split-
ting scheme is employed. The strong conservation-lawform of the
two-dimensional, thin-layer Navier—Stokes equations in a curvilin-
ear coordinate system, (&, &), along the axial and circumferential
direction, respectively, is given as follows:

3,Q+ 0:F + 9:G = Re-'9,5 (1)

where Q is the vector of conservative variables, 1/ J(p, pu, pw, e),
F and G are the inviscid flux vectors, and S is the thin-layer ap-
proximation of the viscous fluxes in the & direction, normal to the
airfoil surface:
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where

ml:§3+§_2

my = Gue+ Gwe

2 2 1( aaz)
my = (u* + w?)/2 + kPr— FId
and U and W are the contravariantvelocity components. In the equa-
tions, all dimensions are normalized with the airfoil chord length
c. Here, p is the density normalized with the freestream density
P u and w are the Cartesian velocity components in the phys-
ical domain, which are normalized with the freestream speed of

sound a o0 € is the total energy per unit volume normalized with
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Fig.2 Overset gridsystem at X = 5 deg and localizationof the intergrid
boundary points.

poéz2 : and Pr is the Prandtl number. The pressure is related to
dens?[?/ and total energy through the equation of state for an ideal
gas, p = (y _ Dle —p(u® + w?)/2].

The flowfield is assumed to be fully turbulent. The Baldwin—
Lomax algebraic turbulence model and the Baldwin—Barth one-
equation turbulence model!! are currently implemented. The
Baldwin—Barth model gives a continuous turbulent eddy viscos-
ity distributionacross the intergrid boundariesand is well suited for
solutions with overset grids.

Boundary Conditions

Boundary conditionsare applied on the airfoil surfaces and at the
farfield and intergrid boundaries. On the airfoil surfaces, the no-slip
boundary condition is applied. For the flapping airfoil, the surface
fluid velocity s set equalto the prescribedairfoil flapping velocity so
that the no-slip condition s satisfied. Because the formulationof the
Navier-Stokes solver is based on an inertial frame of reference, the

flapping motion of the airfoil is implemented by moving the airfoil
and the computational grid around it in the transverse direction
as described by the frequency and the amplitude of the flapping
motion. The density and the pressure values on the airfoil surfaces
are obtained from the interior by a simple extrapolation.

At the far-field inflow and outflow boundaries, the flow variables
are evaluated using the zero-order Riemann invariant extrapolation.

At the overset intergrid boundaries, the conservative flow vari-
ables are interpolatedat every time step using the present boundary
point localization and interpolation method.

In the Baldwin—Barth turbulence model, the freestreamturbulent
Reynoldsnumberis set to 0.1. At the intergrid boundaries, turbulent
Reynolds number is similarly interpolated from the donor grid.

Numerical Implementation

The numerical integration in each computational grid is per-
formed using an upwind biased, factorized, iterative, implicit nu-
merical scheme!? given by

[1+he(E A5+ ¥ 4]

s [1+h(EB+ ALBy _ Re—' &M, )] (0 07
2)
J

Gip_k_%) + Re_lhg( ka+

= (0 _ Q1) _hd F!

+ 5k i_

(15

o
=5y

—h C( Gip.k +1—
InEq. (2),he = At/ A& etc.,and A+ = (0F/ 0 Q), etc., are the flux
Jacobian matrices and A, 17 and 6 are the forward, the backward,
and the central difference operators, respectively. The superscriptn
denotes the time step and p refers to Newton subiterations within
each time step. F; 4 /2.4 and G x4+ 1/2 are numerical inviscid fluxes,
which are evaluated using Osher’s third-order-accurate upwinding
scheme. The inviscidfluxJacobianmatrices 4Aand B onthe left-hand
side are evaluated by the Steger—Warming flux-vector splitting. The
viscous fluxes S; ;1o are computed with second-order-accurat
central differences.

The numericalintegrationat the hole grid pointsis accommodated
by i blanking, which replacesthe correspondingcoefficient matrices
by an identity matrix and sets the right-hand side to zero. This
process essentially imposes no change in the flow variables on the
hole grid points. One-sided differencing is also used at the grid
points next to the hole boundary points.

In the implementation of the Baldwin—Barth turbulence model,
the governing equation for the turbulent Reynolds number is solved
with first-order accuracy. The i blankingat the hole grid points and
the intergrid boundary conditions are similarly applied.

Results and Discussion

The present intergrid boundary point localization and interpola-
tion method has been applied to steady and unsteady flows over a
NACAO0012 airfoil. The numerical solutions obtained with overset
grids were compared against single-grid solutions in terms of the
distribution of flow variables and the aerodynamic loads.

First, the steady-state flowfield is computed at o = 5-deg inci-
dence, Re = 3, 10°, and M__= 0.3. The overset grids and the
localization of the intergrid boundary points are shown in Fig. 2.
A 137§, 51 size viscous C grid around the airfoil is overset onto a
clustered 71 s, 71 size rectangular background grid at a = 5-deg
incidence. There are 121 grid points around the airfoil, and the grid
spacing normal to the airfoil surface varies from 2 y, 10=> at the
leading edge to 5.5y, 10— at the trailing edge. As shown in Fig. 2b,
the outer boundary points of the overset C grid, which are denoted
by the + sign, are first localized on the background grid. The initial
search starts arbitrarily from the middle of the background grid, and
the outer boundary point at the lower wake cut is first localized by
quadrant walking. The rest of the boundary points are then local-
ized sequentially in the clockwise direction. This process defines
the boundary points of the hole cut in the background grid. The hole
in the background grid is then reduced by extending the boundaries
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Fig.3 Steady-state flowfield at Re = 3 X 10° and M, =0.23.
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Fig.4 Steady-state surface pressure distribution at Re = 3 X 10° and
M_=0.3.

[ee]

of the hole by one grid point inward in both the i and j directions.
This process ensures that all of the boundary points defining the
hole fall into the C grid. An indexing array is utilized to denote the
final hole boundary points on the background grid. Next, as shown
in Fig. 2c¢, the hole boundary points are similarly localized on the
overset C grid.

The flowfield is assumedto be fully turbulent,and the eddy viscos-
ity field is computed by the Baldwin—Barth one-equationturbulence
model in each grid with the proper intergrid boundary conditions.
In Fig. 3, the computed flowfield on the overset grid is compared
with a single C-grid solution. The single C grid is of 181, 81 size
and is the extension of the C grid used in the overset grids. In the
figures, the same contour levels are plotted in both cases. The over-
set grid solution yields a smooth and continuous distribution of the
flow variables across the intergrid boundaries and agrees remark-
ably well with the single-grid solution. However, it is also noted
that the interpolation of the flow variables from the highly clus-
tered overset C grid at the downstream end of the wake cut onto the
coarser background grid smears the vorticity in the wake. Figure 4

_ Overset grid
______ Single grid
. . Flapping motion

LIFT COEFFICIENT

_ Overset grid
______ Single gnd
Flapping motion

0.2

MOMENT COEFFICIENT

—-0.2

| |
0 5 10 15 20 25
TIME (c/U,)

Fig. 5 Time history of the unsteady aerodynamic loads, flapping
NACAO0012 airfoil with h = _0.10c cos(«x), k = 0.5 at Re = 3 X 10°,
and M =0.3.

shows the computed surface pressure distribution. The excellent
agreement between overset and single-grid solutions indicates that
the flow variables are accurately interpolated across the intergrid
boundaries.

In overset grid computations, the overhead due to the application
of the intergrid boundary conditions is about 0.2% of the total CPU
per time step. In the present computations, the total number of grid
points in the overset grids is about 18% less than that of the single
grid, and the overall CPU usage for the overset grid computations
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Fig. 6 Instantaneous flowfield at t = 14.10, flapping NACA0012 airfoil with h= __0.10c cos(«x), k= 0.5at Re=3 X 106, and M =0.23.

is about 22% less than that of the single-grid computations. Note
that because the equations are solved implicitly with a block-
tridiagonalsolver, single-grid solutions are more CPU intensive per
time stepthan overset grid solutionsforthe same totalnumberof grid
points.

Next, the same overset C grid is employed for an unsteady flow
computationas the airfoil, which is now setat c = 0-deg, undergoes
a periodic flapping motion. The flapping motion is defined by 7 =
_0.10c cos(ax) at a reduced frequency of k = ax/2U__ = 0.5,
Re = 3, 10° and M__ = 0.3. Because the formulation of the
Navier-Stokes solver is %gsed on an inertial frame of reference, the
flapping motion is implemented by moving the computational grid
around it in the crossflow direction as prescribed. In the overset
grid solution, the overset C grid is traversed over the stationary
background grid. The intergrid boundary conditions are applied at
every time step as the overset C grid is traversed. In the present
unsteady computations, the Baldwin—Barth turbulence model had
convergence problems and corrupted the solution. This behavior
is attributed to the quasisteady solution algorithm in the model,
which may require very small time steps at high-frequencymotions.
The Baldwin-Lomax algebraiceddy viscositymodel, therefore, was
employed only on the viscous C grid.

The unsteady computations were carried out for more than four
cyclesofthe flappingmotion. The time history of the lift and moment
coefficients is given in Fig. 5. The unsteady flow prediction with
the overset grids again agrees remarkably well with the single-grid
solution at this relatively high-frequency flapping motion. In Fig. 6,
the instantaneous flowfield as the airfoil passes the # = 0 position
at ¢t = 14.10, where the flapping velocity is maximum, is compared
against the single-grid solution. The computed flowfields are again
in excellentagreement.

Concluding Remarks

A method for the solution of unsteady Navier—Stokes equations
onoverset grids is presented. Intergrid boundary points are localized
by the quadrant walking search algorithm and flow variables across
the grids are interpolatedas an integral part of the boundary point lo-
calization process in the main solver. No external interpolationdata
is stored. The steady and unsteady flowfield solutions are found to
be in excellent agreement with the single-grid solutions. The over-
head due to the application of the intergrid boundary conditions is
about 0.2% of the total CPU per time step. In addition, overset grids
may discretize the computationaldomains with less number of total
grid points than single or patched grids. Therefore, the numerical
solutions with overset grids using the present boundary point local-
ization and interpolation method are highly accurate and efficient.

The present method is independent of numerical solution al-
gorithms. It may easily be implemented on any two-dimensional,
single-block flow solverto make ita multiblock,zonalsolverregard-
less of the solution algorithm and the flow variables employed. The
method may also be extended to three dimensional overset grids.
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